Abstract: Developing public transportation and giving priority to buses is a feasible solution for improving the level of public transportation service, which facilitates congestion alleviation and prevention, and contributes to urban development and city sustainability. This paper presents a novel bus operation control strategy including both holding control and speed control to improve the level of service of transit systems within a connected vehicle environment. Most previous work focuses on optimization of signal timing to decrease the bus signal delay by assuming that holding control is not applied; the speed of buses is given as a constant input and the acceleration and deceleration processes of buses can be neglected. This paper explores the benefits of a bus operation control strategy to minimize the total cost, which includes bus signal delay, bus holding delay, bus travel delay, acceleration cost due to frequent stops and intense driving. A set of formulations are developed to explicitly capture the interaction between bus holding control and speed control. Experimental analysisand simulation tests have shown that the proposed integrated operational model outperforms the traditional control, speed control only, or holding control only strategies in terms of reducing the total cost of buses. The sensitivity analysis has further demonstrated the potential effectiveness of the proposed approach to be applied in a real-time bus operation control system under different levels of traffic demand, bus stop locations, and speed limits.
Introduction
In 2013, urban Americans experienced an extra 6.8 billion hours of travel and 3.1 billion gallons of fuel consumed because of traffic congestion [1] . An additional 500 million hours and 700 million gallons of fuel were consumed in 2013 than in 2009 [1, 2] . As these trends continue, travel delays will grow to 8.2 billion hours and wasted fuel will increase to 3.7 billion gallons in 2020 [1] . Congestion alleviation and prevention have become urgent tasks for urban development and city sustainability [3, 4] . To deal with traffic congestion, researchers proposed plenty of methods to improve road capacity, including road network planning [5, 6] , roadway design [7] , traffic signal control [8, 9] , and so on [10, 11] . Those methods documented their advantages to reduce traffic congestion and played significant roles in improving road network efficiency. However, the growth rate of road capacity can never meet the significant roles in improving road network efficiency. However, the growth rate of road capacity can never meet the requirements of traffic demands. According to the statistics and predictions, the world had a population of 1.2 billion vehicles in 2014, and that will grow to 2.0 billion in 2035 [12] . Therefore, an increasing number of traffic engineers have realized that developing public transportation and giving priority to buses is a feasible solution to reduce congestion [13] [14] [15] [16] [17] .
In order to give priority to buses, a commonly employed method is holding a vehicle at a bus stop [18] [19] [20] . A schedule-based approach holds a bus for some additional time to improve the regularity [21] [22] [23] [24] , while a headway-based approach tries to reduce the variability of headways downstream of this holding control stop [25] [26] [27] . Most of the previous studies are trying to use holding control to improve bus dispatching. However, when a bus stop is located upstream of a signalized intersection, holding a bus for a period of time could be treated as a strategy to avoid a second stop at the end of the queue formed during the red light [28] . The elimination of stops results in reducing fuel consumption and vehicle emissions and enhances the comfort for passengers, thus improving the level of bus service. However, holding buses at bus stations causes some additional waiting time to passengers, and passengers value their waiting time almost twice of what it actually is [29] . Therefore, the maximum bus holding time cannot be set too long.
Transit signal priority (TSP) is another promising option to give priority to buses. With TSP, buses can request the green phase of traffic signals to claim the right-of-way and proceed unimpeded through an intersection [30] . Many studies have proposed TSP strategies and documented the benefits of TSP implementations [31] [32] [33] [34] [35] [36] [37] [38] . However, most existing methods for transit signal priority are proposed assuming that the TSP system has no holding control, and that the speed of buses are given as constant [31, 39] . However, in reality, firstly, holding control can determine bus dwell time at bus stops significantly, thus causing deviations of the bus arrival time at the stop line. Even small deviation of bus arrival time may result in low TSP efficiency, or even TSP system failure. Secondly, real-time bus speed is a function of several factors, including bus driver behavior, bus characteristics, impacts of upstream signals, and traffic conditions even with an exclusive bus lane [40] . Moreover, most existing references concerning TSP focus on optimize signal timing to reduce congestions, but fuel consumptions and pollution emissions are also important sustainable parameters to evaluate the benefits of TSP.
The implementation of holding control and speed control relies on effective, accurate, two-way communication between buses and the intersection controller. The emersion of connected vehicle (CV) technology is an excellent solution to this problem. On the basis of dedicated short range communications (DSRC), CV technology ensures real-time communication between buses and the intersection controller [41] [42] [43] . Buses send information of running status, including speed, acceleration, position, estimated arrival time, requesting phase, etc. to the controller, while obtaining messages, like green light start time, duration of the green light, and so on, from the controller. The basic scenario is illustrated in Figure 1 . To summarize the above concerns, this research focuses on developing a bus operational strategy including both holding control and speed control to reduce bus delays, fuel consumption, and pollution emissions within a connected vehicle environment. The primary contribution of this paper is to: To summarize the above concerns, this research focuses on developing a bus operational strategy including both holding control and speed control to reduce bus delays, fuel consumption, and pollution emissions within a connected vehicle environment. The primary contribution of this paper is to:
• Explicitly capture the dynamic interaction between bus acceleration, speed, and holding time; • Optimize bus speed and holding time of buses dynamically in an united framework; • Satisfy the objectives of both improving driving patterns of buses and minimizing the bus delay, fuel consumption, and pollution emissions, which is conducive for city sustainability.
Development of the Optimization Model

Problem Description
The basic idea of the proposed model is illustrated in Figure 2 . Trajectory 1 is the normal trajectory for buses. After boarding and alighting the passengers, the bus closed the door and is ready to depart from the bus stop at time T c . Then the bus will accelerate to V a , joining the queue formed by the red light. Trajectory 2 stands for the bus operation strategy with speed control. In this case, the bus also departs from the bus stop immediately at T c , but it will accelerate to a relatively lower speed V l ; then it can clear the intersection without stopping again. Trajectory 3 represents the bus operation strategy with holding control. By holding the bus t h seconds at the bus stop, then the bus can also clear the intersection without another stop.  Explicitly capture the dynamic interaction between bus acceleration, speed, and holding time;  Optimize bus speed and holding time of buses dynamically in an united framework;  Satisfy the objectives of both improving driving patterns of buses and minimizing the bus delay, fuel consumption, and pollution emissions, which is conducive for city sustainability.
Development of the Optimization Model
Problem Description
The basic idea of the proposed model is illustrated in Figure 2 . Trajectory 1 is the normal trajectory for buses. After boarding and alighting the passengers, the bus closed the door and is ready to depart from the bus stop at time c 
General Notations
The main notations used hereafter are summarized in Table1. 
The main notations used hereafter are summarized in Table 1 . The maximum and minimum bus speed limits (m/s)
Objective Function
The objective function in this research is to minimize the total cost of the buses, including delay cost, stop cost, and acceleration cost. It can be denoted as:
where d bus denotes bus delays, f bus is the number of stops of buses, p bus is the acceleration or deceleration cost of buses, and α and β are weighting factors. In this objective function, d bus is the delay cost referring to traffic congestion, and f bus and p bus are the acceleration cost referring to fuel consumptions and pollution emissions. In this study, both holding control and speed control are considered. Therefore, bus delays consist of three parts: bus travel delay d t , bus holding delay d h , and bus signal delay d s . Then bus delays can be computed as:
where d t is caused by the actual travelling speed of buses smaller than design speed, d h is caused by holding buses with some extra time at bus stops, and d s is caused by the red light. With respect to p bus and f bus , the smaller value the p bus or f bus is, the lower fuel consumption and pollution emissions will be. The deceleration cost p bus can be computed with real-time bus acceleration, which is specified as:
where a t is the real-time acceleration or deceleration of buses, and T c is the start time for beginning the optimization scheme. In this study, T c is the time point of buses closing the door at the bus stop and ready to depart, and T t is the time for buses clearing the intersection after optimization. The number of stops of buses f bus can be computed according to real-time bus travelling speed and acceleration, which is specified as:
where V t bus is the bus travelling speed at time t. Equation (4) ensures there is only one stop of the bus being counted, when the bus stopped from 0 s to 10 s, because of the red light, for example. 
Decision Variables
The decision variables of the integrated optimization model can be defined as follows:
(1) Holding time at bus stop, t h . (2) Bus traveling speed, V bus .
Constraints
The optimization of the proposed model starts with the bus closing the door and preparing to leave the bus stop at time T c . As illustrated in Figure 3 , the cycle time C 0 can be divided into four scenarios according to T c . In scenario A, even when both holding control and speed control are employed, buses will still be stopped by the red light. In scenario B, if both holding control and speed control are implemented, buses are able to clear the intersection without stopping. In scenario C, buses can proceed through the intersection unimpeded by adjusting its travel speed. In scenario D, buses can clear the intersection smoothly without any optimization. In some cases, either holding control or speed control can guarantee buses clearing the intersection without stopping. In this situation, speed control will be preferred in this study because passengers will be impatient if holding control is employed.
where t bus V is the bus travelling speed at time t. Equation (4) ensures there is only one stop of the bus being counted, when the bus stopped from 0 s to 10 s, because of the red light, for example.
Decision Variables
(1) Holding time at bus stop, h t .
(2) Bus traveling speed, bus V .
Constraints
The optimization of the proposed model starts with the bus closing the door and preparing to leave the bus stop at time c T . As illustrated in Figure 3 , the cycle time 0 C can be divided into four scenarios according to c T . In scenario A, even when both holding control and speed control are employed, buses will still be stopped by the red light. In scenario B, if both holding control and speed control are implemented, buses are able to clear the intersection without stopping. In scenario C, buses can proceed through the intersection unimpeded by adjusting its travel speed. In scenario D, buses can clear the intersection smoothly without any optimization. In some cases, either holding control or speed control can guarantee buses clearing the intersection without stopping. In this situation, speed control will be preferred in this study because passengers will be impatient if holding control is employed.
(including A1 and A2); In the following analysis, the calculation method for the objective function given by Equation (1) will be specified based on different scenarios.
Scenario A
In this scenario, buses will be stopped by the red light no matter if speeding up or holding control is employed. Since the queue length caused by red light grows continuously, the bus should depart from the bus stop immediately and then accelerate to V bus to obtain a good place in the queue. Thus, in this situation, the holding time for the bus is equal to zero. Then the holding delay d h can be specified as: The time duration for the bus accelerating from zero to V bus can be computed as:
The boundary of V bus and a bus can be specified as:
The time that the bus joins the queue can be computed as: If 0 < T c < T AB , then:
If T DA < T c < C 0 , then:
The time that the bus starts to move can be computed as:
Then the signal delay caused by the red light d s can be computed as:
With respect to bus travel delay d t , it is caused by travelling with a lower speed, which can be computed as:
where V a is the average bus travel speed.
Scenario B
In scenario B, buses could clear the intersection without stopping if both holding control and speed control are applied. By holding the bus at the bus stop after time passes the boundary point T BC , then the bus status scenario will move from B to C (the detailed analysis of the speed control in scenario C will be discussed later). Thus, in scenario B, the bus will be held at the bus stop. If the holding time of the bus at the bus stop is too long, passengers will complain and be impatient. Therefore, the lower and upper bound of the holding time should be set as:
where d t_max is the maximum holding time that is allowed. Then, the time of the boundary point T AB and T BC can be computed as:
In scenario B, the bus holding delay can be specified as:
The other part of the cost in scenario B will be the same with which in the scenario C.
Scenario C
In scenario C, buses can depart from bus stop immediately, and then accelerate to a relatively smaller speed V l by speed control to reach the tail of the queue. Finally, the bus will accelerate and follow the last vehicle in the queue to travel through the intersection. In this case, the time for queue dissipation follows that:
The maximum queue length can be computed as:
Then the bus travelling speed can be specified as:
The bus travelling delay can be specified as:
In this scenario, holding control is not applied, and buses can clear the intersection without signal delay, which can be specified as:
2.5.4. Scenario D Scenario D is the simplest situation for buses. Buses can always clear the intersection unimpeded without any optimization. Either holding control or speed control is not necessary in this scenario. The boundary point T CD and T DA can be specified as:
There is only a travelling delay for buses in this scenario, and it can be computed as: (27) With regard to p bus and f bus in each scenario, the computational methods are illustrated in Equations (3)- (5) .
In summary, the mathematical description of the integrated model is recapitulated as follows: 
Optimization of the Proposed Method
The minimization is a nonlinear programming problem, which is programmed in Microsoft Visual Studio C++ (Redmond, WA, USA) to solve it in our study. The C++ optimization flow chart of the proposed method, including the four scenarios and the aforementioned formula, is shown in Figure 4 . Note that in scenario B, the bus delay is computed in the same way as for scenario C. 
Results and Discussion
Performance Analysis
To evaluate the performance of the proposed model, The following parameters are assumed: The optimization flowchart could be illustrated by five steps:
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Step 1: Given the cycle time, traffic demands, and the location of the bus stop, compute the green time duration, the maximum green extension time, and the time boundary points for each scenario.
Step 2: If the bus arrival time is not located in scenario A, then turn to step 3. Otherwise, compute the time point at which the bus stopped by the red light and the time point at which the bus started to move by the green light. Then compute the bus signal delay caused by the red light, the queue, and the bus acceleration cost.
Step 3: If the bus arrival time is not located in scenario B, then turn to step 4. Otherwise, compute the bus holding time and bus travel speed, then compute the bus holding delay, travel delay, and the bus acceleration cost.
Step 4: If the bus arrival time is not located in scenario C, then turn to step 5. Otherwise, compute the optimal bus travel speed, and then compute the bus travel delay and the bus acceleration cost.
Step 5: Compute the bus travelling delay and bus acceleration cost in scenario D.
Results and Discussion
Performance Analysis
To evaluate the performance of the proposed model, The following parameters are assumed: In this study, in order to explore the worst condition of the proposed model, it is assumed that buses will always travel at maximum speed. In this situation, speed control can only cause extra delays and is not able to decrease delays. Table 2 shows the optimization and comparison results of different cases, which clearly reveal that the performance of different cases in scenario A and D would be the same. In detail, in scenario A, buses will depart immediately to get a good place in the queue, then be stopped by the red light in all of the cases. In scenario D, buses will also depart immediately from the bus stop and then proceed at maximum speed to clear the intersection without stopping. In scenario B, the average bus delay cost of the proposed method is higher. This is because, in this scenario, only the result coming from the proposed method needs to perform a holding control. Holding control can cause extra delays because the queue grows due to the red light, but it can optimize the bus's driving cycle. This has been verified in Table 2 , in which the average acceleration cost in scenario B of the proposed model is much smaller than other cases. The total cost (the sum of the average bus delay cost plus average acceleration cost) of the proposed method in scenario B is the smallest. In scenario C, buses will perform speed control in cases 2 and 4. In case 3, holding control will be applied. Comparing case 3 to cases 2 and 4, the results stay the same. This illustrates that the performance of speed control can be identical with the holding control. Comparing case 1 with other cases, the results clearly show that either speed control or holding control can cause extra bus delay costs in this study, but it can be compensated by reducing the average acceleration cost. Let t w denotes the time interval in which buses can clear the intersection without stopping in one signal timing cycle, t l denotes the interval length of t w , and t s is the service rate for bus in the whole cycle. Then: 
SimulationTest
To further verify the performance of the proposed model in a more realistic scenario, a simulation test by PTV VISSIM 5.3 (Karlsruhe, Germany) is employed. VISSIM is a worldwide traffic and transportation simulator, which can simulate the stochastic nature and detailed interactions of traffic flows. In the simulation, bus frequency was set to 30 veh/h, the other parameters are kept the same with the above statement. The VISSIM COM interface is employed to implement speed control and holding control. Every parameter combination is simulated 20 times under different random seeds. The simulation lasts 4200 s each time. Performance data will be collected from 900 s to 4200 s, while 0 s to 900 s will be used to warm up the simulation. After the simulation test, the performance data, including bus delay, fuel consumption, and pollution emissions, are collected. The results are illustrated in Figure 5 .
As in Figure 5 , by employing holding control in cases 3 and case 4, and applying speed control in cases 2 and case 4, bus delay increases while fuel consumption and pollution emissions decrease, compared with case 1. More specifically, after optimization of the proposed model, bus delay increases 2.4% to 9.4%, while fuel consumption decreases 8.9% to 19.6%, and pollution emissions decrease 3.5% to 13.1%.
interactions of traffic flows. In the simulation, bus frequency was set to 30 veh/h, the other parameters are kept the same with the above statement. The VISSIM COM interface is employed to implement speed control and holding control. Every parameter combination is simulated 20 times under different random seeds. The simulation lasts 4200 s each time. Performance data will be collected from 900 s to 4200 s, while 0 s to 900 s will be used to warm up the simulation. After the simulation test, the performance data, including bus delay, fuel consumption, and pollution emissions, are collected. The results are illustrated in Figure 5 . As in Figure 5 , by employing holding control in cases 3 and case 4, and applying speed control in cases 2 and case 4, bus delay increases while fuel consumption and pollution emissions decrease, compared with case 1. More specifically, after optimization of the proposed model, bus delay increases 2.4% to 9.4%, while fuel consumption decreases 8.9% to 19.6%, and pollution emissions decrease 3.5% to 13.1%. 
Sensitivity Analysis
To investigate the performance of the proposed model under different situations, three sets of sensitivity analysis of the parameters, including the degree of saturation (volume-to-capacity ratio), bus stop location, and maximum speed limit, are employed in the following sections.
Sensitivity Analysis with Degree of Saturation
In this paper, the degree of saturation s d (volume-to-capacity ratio) can be specified as:
Figure 6 displays the performance results in the different cases under different degrees of saturation. The total cost is computed by Equation (1).
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Sensitivity Analysis
Sensitivity Analysis with Degree of Saturation
In this paper, the degree of saturation d s (volume-to-capacity ratio) can be specified as: Figure 6 displays the performance results in the different cases under different degrees of saturation. The total cost is computed by Equation (1). The graphical results clearly indicate that the total cost of buses increases with the degree of saturation in all cases. Case 4 (proposed method) always has the smallest total cost and outperforms all of the other three cases even when the degree saturation reaches 0.9.
Sensitivity Analysis with Bus Stop Location
Bus stop location (distance between bus stop and traffic light) could impact the effectiveness of speed control. Figure 7 displays the performance results in the different cases under different bus stop locations.
In Figure 7 , with the increase of the distance between bus stop and traffic light, the total cost in cases 2 and 4 decreases. With regard to case 1 and case 3, the total cost would stay the same. The The graphical results clearly indicate that the total cost of buses increases with the degree of saturation in all cases. Case 4 (proposed method) always has the smallest total cost and outperforms all of the other three cases even when the degree saturation reaches 0.9.
In Figure 7 , with the increase of the distance between bus stop and traffic light, the total cost in cases 2 and 4 decreases. With regard to case 1 and case 3, the total cost would stay the same. The results illustrate that the change of bus stop location could only affect the effectiveness of the speed control. Since case 1 and case 3 have no speed control, the total cost will always stay the same. Another finding is that the proposed method (case 4) will always have the smallest total cost. As illustrated in Figure 8 , the total cost increases with the maximum speed limit. This is because the travel delay of buses t d can be specified as:
Since max V increases, the travel delay will increase. However, with the increase of the maximum bus speed, the bus could proceed with a higher speed, which can expand the bus service rate mentioned in Equation (28) . Additionally, the proposed method (case 4) will outperform all other cases with the smallest cost. As illustrated in Figure 8 , the total cost increases with the maximum speed limit. This is because the travel delay of buses t d can be specified as:
Since max V increases, the travel delay will increase. However, with the increase of the maximum bus speed, the bus could proceed with a higher speed, which can expand the bus service rate mentioned in Equation (28) . Additionally, the proposed method (case 4) will outperform all other cases with the smallest cost. As illustrated in Figure 8 , the total cost increases with the maximum speed limit. This is because the travel delay of buses d t can be specified as:
Since V max increases, the travel delay will increase. However, with the increase of the maximum bus speed, the bus could proceed with a higher speed, which can expand the bus service rate mentioned in Equation (28) . Additionally, the proposed method (case 4) will outperform all other cases with the smallest cost.
Strengths and Limitations
This studyhas a number of strengths and limitations. In terms of the strengths, this study focuses on decreasing bus cost and the number of stops to improve the level of service of transit systems. This would facilitate sustainable motorization and urbanization because public transportation helps to reduce energy consumption and vehicle emissions. Secondly, the study revealed the effects of bus holding control and speed control on bus delays while most previous studies merely focus on the optimization of signal timing. Finally, the study investigated the benefits of holding control and speed control bycomparing with different control measures. In terms of the limitations, the proposed model was restricted to a single intersection, and a large scale analysis and modeling will be conducted in future studies. Moreover, the study employs numerical tests to investigate the benefits of the proposed model, and more realistic or field tests are required to apply the proposed model in a practical project.
Conclusions
This paper presents a novel approach for integrated optimization of bus holding time at a bus stop, the acceleration of the bus, and bus speed to improve the level of service of a transit system. The objective of the proposed model is to minimize the total cost, which includes bus signal delay, bus holding delay, bus travel delay, and acceleration cost due to frequent stops and intense driving. A set of formulations are developed to explicitly capture the interaction between bus holding control and speed control. Experimental analyses and simulation tests have shown that the proposed integrated operational model outperforms the traditional control, speed control only, and holding control only strategies in terms of reducing the total cost of buses. The sensitivity analysis has further demonstrated the potential of the proposed approach to be applied in a real-time bus operation control system under different traffic demands, bus stop locations, and speed limits. Note that this study has presented a preliminary theoretical analysis and evaluation results for the proposed model. More extensive numerical experiments or field tests will be conducted to assess the effectiveness of the proposed model under various traffic and transit demand patterns. Another possible extension of this study is to optimize signal timings, holding time duration, and recommended bus speed, together to further improve the level of service of buses.
